A note on segmenting Mann iterates  by Groetsch, C.W
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 40, 369-372 (1972) 
A Note on Segmenting Mann Iterates 
C. W. GROETSCH* 
Department of Mathematics, Louisiana State University, 
Baton Rouge, Louisiana 70803 
Submitted by J. P. LaSalle 
W. R. Mann [5] introduced the following general iterative procedure: 
Suppose A = (a& is an infinite, lower triangular, regular row-stochastic 
matrix. If E is a closed convex subset of a Banach space and T is a continuous 
mapping of E into itself and xi E E, then M(x, , A, T) is the process defined by 
71 
% = c ankXk, %+l = TV,, n = 1) 2, 3 )... . 
k=l 
For example, if A is the identity matrix, each sequence of M(x, , A, T) is 
just the sequence of Picard iterates of T at x1 . Mann showed that if either of 
the sequences {xn} and {Q} converges, then the other also converges to the 
same point, and their common limit is a fixed point of T. 
Following [7] we say that the matrix A is segmenting for the Mann process if 
a n+l,k = (1 - a,,,,,,,) ank for k < n. In this case w%+,,, lies on the segment 
joining v, and TV%: 
v n+l = (1 - 4 0, + 6% (1) 
where d, = an+l,n+l for n = 1, 2, 3 ,... . We note that a segmenting matrix is 
determined by its sequence of diagonal elements. The case d, = A for all 12, 
where 0 < X < 1, has been studied by several authors [9, 8, 31. Recently 
Dotson [4] considered the case when d,, is bounded away from 0 and 1. 
Mann [5] has approximated fixed points of continuous functions on a closed 
interval of the real line by using the segmenting matrix determined by 
d, = l/n for all n. Generalizing these procedures, we will hereafter assume 
that A is a segmenting matrix for which Czzl d,(l - d,) diverges. The 
process (1) with initial point x1 will be denoted by M(x, , A, T). 
In this note we prove a theorem which gives a condition on M(x, , A, T) 
analogous to the “asymptotic regularity” of Browder and Petryshyn [2]. 
As corollaries we show that in certain cases a fixed point of T may be approx- 
imated by M(x, , A, T). Below, X will denote a unz~ormly convex Banach 
space with modulus of convexity 8. 
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LEMMA. Let x, y E X. If /, x 1; <, 1, 1~ y ,/ i 1 and ;I .w - y ~1 I,- t > 0, tkerr 
/I Ax + (1 - h)y ,I -II. 1 - 241 - A) S(C) fOY 0 :< x ::, 1. 
Proof. Since h G $- implies (1 - A) -( 4, we may assume that h < 3. We 
then have 
IlAx+ (l -x)yjl +24X+y)/2+ (1 - 2h)y.i <22x(1 -6(c)) + 1 -2A 
-= 1 - 2hS(E) < 1 - 2h(l - A) S(E). 
THEOREM. Let T be a nonexpansive mapping (i.e., I/ TX - Ty jl < /I x - y 11 
for all x and y) of a convex subset E of X into itself with at least one fixed point, 
then the sequence {(I - T) %} v converges strongly to 0 for each x1 in E. 
Proof. If p is a fixed point of T, then 
II et,+1 - P II = Ml - 4) h - P) + 4Wn - TP)ll d II vn -P II . (2) 
Since 
II% - TV, II = llh -P) - (TV, - TP)II < 2 II v,z -P II , 
we may assume there is an a > 0 such that j/ v, - p (I 3 a for all n. Since 
I/%+1 - v, 11 = d, II TV, - v, )/ and since T is nonexpansive, it follows 
easily that 
II v,+l - TV,,, II < II v,, - TV, II . 
If {(I- T)v,} d oes not converge to 0, then there is an E > 0 such that 
I/ v,, - TV, I/ > E for all n. Let b = 28(4/l v1 - p II). The lemma and (2) then 
give 
II %+1 - P II < II vu, - P II - Ii v, -P II d,(l - d,) b 
< II vu,-1 - P II - II s.1 -P II 44 - 4-J b 
- II vn - P II d,(l - d,) b 
d II vn-1 -P II - II v, -P II Wn-41 - C-d + 40 - 4). 
By induction we have 





1 +bi d,(l <Iv,-Pll. 
k=l 
This gives a contradiction since the series on the left diverges. 
SEGMENTING MANN ITERATES 371 
The following corollary generalizes a theorem of Browder and Petryshyn 
[3, Theorem 61. 
COROLLARY 1. Suppose T is a nonexpansive mapping of a closed convex 
subset E of X into itself which has at least one fixed point. If I - T maps 
bounded closed subsets of E into closed subsets of E (in particular, if T is demi- 
compact in the sense of Petryshyn [8]), then M(x, , A, T) converges strongly to a 
fixed point of T for each x1 in E. 
Proof. Let V be the strong closure of {vn}. By the theorem and the fact 
that (I - T) (V) is closed, 0 E (I - T) (V). Hence there is a subsequence 
(vnk} converging to p where (I - T)p = 0. Therefore {We} converges to p 
bY (2). 
We note that for bounded E the existence of a fixed point of T is guaranteed 
by a theorem of Browder [l]. Also, if we assume that T(E) is relatively 
compact, then T has a fixed point by Schauder’s Theorem and it is easily 
seen that the conditions of Corollary 1 are satisfied. Hence we have: 
COROLLARY 2. If T is a nonexpansive mapping of a closed convex subset E 
of X into itself and if T(E) is relatively compact, then M(x, , A, T) converges 
strongly to a fixed point of T for each x1 in E. 
This corollary generalizes a theorem proved by Outlaw [7, Theorem 21 
for mappings of compact convex subsets of the complex plane. The reasoning 
of Opial [6, Theorem 31 gives the following generalization of Opial’s result. 
COROLLARY 3. If X has a weakly continuous duality mapping (inparticular, 
if X is a Hilbert space) and if T is a nonexpansive mapping of a closed convex 
subset E of X into itself with at least one$xed point, then M(x, , A, T) converges 
weakly to a Jixed point of Tfor each x1 in E. 
Remarks. (i) We say that a sequence {d,} with 0 ,< d, < 1 has property 
C if the sequence (1) converges to a fixed point irrespective of the choice of 
X, E, xi and T satisfying Corollary 1. Corollary 1 shows that 
is a sufficient condition that {d,} h ave property C. This condition is also 
necessary. In fact, suppose {d,} has property C; choose 0 such that 0 < 0 < 7~ 
then 4&(1 - d,) sin2(0/2) < 1 for all n. Let E be the closed unit disc in the 
complex plane, x1 = 1, and let T be the rotation of E by 8 radians. For two 
complex numbers u and w with / u I2 = 1 w I2 = r and 0 < t zg 1 we have 
I(1 - t) u + tw j2 = r - t(1 - t) 1 u - w j2. 
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Using this we see that 
I z’,+1 2= !%I2 - d,( I - d,) / vn -- TV, I2 
Therefore 
/ 8, I2 = g ) 1 - 4d,( 1 - f&J sin2 (+) 1 . 
Since 0 is the unique fixed point of T and {d,} has property C, we have 
lim v% = 0, i.e. CT=‘=, d,(l - d,) = co. 
(ii) Dotson [4] has called a mapping T of a subset E of a normed space 
into itself quasi-nonexpansive if p E E and Tp = p imply that 
11 TX - p 11 < I/ x - p 11 holds for all x E E. It is easy to see that the proof of 
the theorem also shows that if T is a quasi-nonexpansive mapping of E into 
itself with at least one fixed point, then {(I - T) v,} clusters strongly at 0 
for each x1 in E. Therefore Corollary 1 holds for mappings satisfying this 
weaker condition. 
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